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Abstract
This paper explores the origins of bureaucratic complexity in public policy and organizational design. In a model of incremental policymaking where entanglements
between policy elements complicate attempts to undo existing policy, policymakers
are biased towards increasing policy complexity – especially when policy is already
complex. Policy evolution is thus path-dependent: simple policies remain simple,
whereas complex policies become more complex. Complexity emerges and persists
under political conflict between ideologically-extreme policymakers, and when institutional frictions impede policymaking. Patience is not a virtue: farsighted policymakers deliberately engage in obstructionism, introducing complex policies to impede future opponents.
JEL Classification: C73, D72, D73
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Introduction

The complexity of public policy imposes significant costs on society. The United States
Internal Revenue Service estimated that the various costs of tax compliance exceeded $168
billion in 2010, which was fifteen percent of total tax receipts for that year.1 In many areas
of policy ranging from the tax code to education to healthcare, such complexity is pervasive
and persistent.
This paper studies the evolution of policy complexity. It develops a theory where policy
complexity emerges in the course of political conflict. Successive policymakers modify
policy in pursuit of their own policy goals; they do so by layering new rules upon existing
policy. As layers of rules accumulate, so does policy complexity.
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A key aspect of our theory is that new rules take the form of kludges: piecemeal modifications that patch over old programs rather than replace them. Kludges serve to remedy
flaws in the implementation of existing policy, or even cancel out their impact. As such,
they improve on existing policy, but do so in an inelegant and inefficient fashion relative
to the alternative – to completely rewrite existing policy, unburdened by legacy concerns.2
We model a setting where policy control shifts intermittently between rival policymakers. While in control, each policymaker may add or delete policy rules to achieve his
ideological goal. By complexity we mean the measure of rules that make up policy (e.g.,
the number of lines in the tax code). In this setting, kludges are rules that are added to
cancel out the ideological impact of old rules without having to delete those old rules. In
other words, kludges allow policymakers to avoid elaborate policy overhauls, at the cost of
excessive policy complexity.
This narrative has, so far, not yet addressed why policymakers may favor adding new
rules as kludges, rather than deleting or changing existing rules. Our theory incorporates
features of the legislative process that are conducive to kludges. First, policymaking is
incremental: rules may only be added or removed gradually. As Levy and Razin (2013)
and Teles (2013) point out, interest groups may oppose adding new rules that they like
or removing old rules that they dislike; such resistance forces policymakers with limited
political capital to undertake incremental changes rather than radical overhauls.3
Further, because policymaking is incremental, each rule is designed to fit well with
the rest of policy – either by legislative intent, or through subsequent administrative and
judicial interpretation of enacted legislation. Rules may rely on features of other rules, or fill
gaps in other rules, or build upon other rules to modify their effect. Such interdependencies
between rules create entanglements that impede the undoing of existing policy. Deletion
of a rule may cripple other dependent rules which rely on the functionality of the removed
rule. Consider the Alternative Minimum Tax (AMT) in the U.S. Tax Code. Many observers
deem the AMT to be an unsatisfactory solution to the problems it was intended to solve,
but also believe that it will be difficult to undo or drastically change the AMT because many
other aspects of the federal tax system have come to rely on the AMT.
In this paper, such entanglements are modeled as an exogenous constraint on the ability
of policymakers to precisely undo existing policy. Essentially, an existing rule cannot be
deleted without also deleting other rules that are (randomly) entangled with the targeted
rule.
Consequently, each policymaker faces a trade-off between improving his ideological
position and reducing policy complexity. He may add new rules that favor his ideological
position. Or, he may delete rules that detract from his position. Deletion has the benefit
of reducing complexity. However, the deletion process is stymied by entanglement. Unfavorable rules cannot be deleted surgically; they may be entangled with favorable rules
which have to be deleted as well, thus slowing progress towards – or even moving policy
2

One example of policy kludge is the U.S. Affordable Care Act (ACA) of 2010, which introduced mechanisms (including mandates, subsidies and insurance exchanges) to fill gaps in the existing patchwork of
private and public insurance options. A common view of both proponents and opponents was that the ACA
is excessively complex compared to alternatives such as a single-payer healthcare system. These alternatives,
however, would have required a politically infeasible complete overhaul of healthcare policy.
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Besides political constraints, cognitive limitations may introduce uncertainty about the impact of largescale policy changes and thus force policymakers to focus on making small ‘local’ changes to policy (see, e.g.,
Lindblom 1959, Bendor 1995, Callander 2011a and Callander 2011b).
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away from – the policymaker’s position. Entanglements thus induce a bias towards adding
rather than deleting rules.
Using this model, we analyze the long-run evolution of policy under political conflict.
The main dynamic effects are not driven by strategic interactions between policymakers.
In fact, for most of this paper, we completely ignore strategic interactions by focusing on
myopic policymakers. We demonstrate how, and under what circumstances, complexity
may emerge and persist from such myopic dynamics.
We show that when existing policy is already complex, all parties are particularly prone
to adding complexity in the form of kludges. Consequently, policy outcomes exhibit path
dependence: simple policies remain simple, whereas complex policies may become more
complex. In fact, complexity may accumulate and become unbounded over the long-run,
in which case we say that policy is kludged.
When complexity is sufficiently high, policy evolution switches intermittently between
two phases. In one phase, the policymaker in control adds rules to shift policy towards his
favored position, increasing complexity as he does so. In the other phase, the policymaker
in control has attained his policy goals, and removes rules to reduce complexity. So, longrun outcomes are determined by the tug-of-war between these two phases, which exert
opposite forces on complexity. Policy becomes kludged only if the first force is more powerful than the second.
Having identified this tension, we characterize conditions under which policy may become kludged. One set of comparative static results relates to political institutions. First,
we show that complexity emerges under balanced, volatile political competition. Specifically, policy is more likely to become kludged if both parties have relatively balanced political power (as measured by the likelihood of remaining in control of policy), and if power
transitions between parties occur more frequently. This suggests that polities where political competition is balanced (such as the United States) may experience more policy
complexity than those with highly asymmetric political competition (such as Singapore).
Second, we consider the effect of legislative frictions that impede policymakers from
enacting policy changes. Teles (2013), while discussing policy kludges in the context of
U.S. public policy, promulgates the common view that the excessive complexity of existing
American public policy is driven by the inherent conservatism of the American legislative
process, which makes it difficult to create new laws and undo existing laws. Consistent with
this claim, our model predicts that policy may become kludged in high-friction settings,
but not in low-friction settings.
Our analysis highlights an inexorable tradeoff in the design of political institutions between policy outcomes that are simple but ideologically polarized, and outcomes that are
complex but ideologically moderate. In particular, our results suggest that a social planner
who prioritizes complexity reduction (over ideological moderation) should design political institutions to generate weak(rather than indeed) political competition and low (rather
than high) policymaking frictions.
Another set of comparative statics relates to policymakers’ preferences. In particular,
policy is more likely to become kludged if the parties have polarized ideological positions
and intense preferences over these positions. In other words, policy complexity is particularly likely from competition between ideologically extreme and zealous parties. This
finding may potentially connect two phenomena in U.S. politics: the emergence of ideological extremism in the political mainstream, and the increasingly byzantine complexity
3

of public policy in areas such as healthcare and tax law.
We then move to a setting with forward-looking parties, so that strategic interactions
come into play. The main lesson is that patience is not a virtue. A forward-looking party
may engage in obstructionism: he makes policy changes not to achieve his own policy
goals, but rather to impede his opponent’s future policy choices. Specifically, in a conflict
between ideologically zealous policymakers, parties exhibit strategic extremism. Each policymaker pursues policy positions that are even more ideologically extreme than his preferences would naively dictate. This serves to “shift the goalposts” against his opponent,
which ensures that policy remains relatively close to the policymaker’s preferred positions
in the medium run.4 Such strategic extremism has long-run consequences for policy complexity. In particular, we show that relative to the myopic case, strategic extremism may
increase the probability that policy becomes kludged.
Throughout this introduction, we have emphasized the application of our model to
public policy. However, we view our model as also being relevant to other settings where
the design of complicated contracts or policies involves political considerations, such as
the politics of organizational design. The insights we derive in the model can be straightforwardly reinterpreted for an organizational context; for example, our results on long-run
kludge suggest that political conflict between different factions within an organization may
give rise to persistently inefficient bureaucratic routines and procedures within the organization.
Literature Review Ely (2011) studies how excessive complexity, in the form of kludges,
may arise and persist in single-player adaptive processes. His focus is on how random
shocks to the environment may cause kludges to accumulate over the long run. Our approach differs in two ways. First, we consider a two-player game between rival policymakers to highlight the role of political competition – rather than technological shocks – in
producing kludges. Second, moving beyond the focus in Ely (2011) on a single myopic
player, we discuss how strategic motives may lead to excessive complexity in the form of
obstructionism.
A number of papers from various literatures explore the idea that incremental rule
development may be path-dependent. Callander and Hummel (2014) consider a model
where successive policymakers with conflicting preferences strategically experiment to
find their preferred policy. The first policymaker benefits from a ‘surprising’ experiment
outcome, because it deters experimentation by the second policymaker and thus preserves
any policy gains by the first policymaker. Ellison and Holden (2013) study a model of endogenous rule development where there are exogenous constraints on the extent to which
new rules may ‘overwrite’ old rules. Compared to these models, our paper introduces path
dependence through a distinct mechanism – interdependence – and thus produces very
different implications.
Our paper is also related to the literature on agenda-setting in politics. Chen and
Eraslan (2015) consider a model where competing policymakers take turns to address outstanding policy issues; their key assumption is that an issue that has previously been addressed cannot be revisited by succeeding policymakers. Buisseret and Bernhardt (2015)
4

Glaeser, Ponzetto, and Shapiro (2005) present a voting model where politicians may declare extreme
positions (relative to the voting public) to pander to their base. In contrast, in our model, politicians may
implement extreme policies (relative to their own preferences).
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consider a related setting where this period’s policy outcome is determined by the interaction between an agenda-setter and a decision-maker, and serves as an endogenous status
quo for the next period.5 A number of interesting strategic effects arise in these settings; for
example, contrary to the strategic extremism effect of the present paper, dynamic concerns
in Buisseret and Bernhardt (2015) may restrain the agenda-setter from aggressive policysetting. These papers do not address policy complexity; in contrast, the present paper
focuses on how policy complexity drives the strategic concerns of policymakers. Further,
unlike these other papers, the status-quo effect in the present paper is technological; any
changes to policy take time for future policymakers to undo, which drives the dynamics of
policy position and complexity.
Related to our results about obstructionism, a number of papers argue that bureaucracy
serves to protect existing rules and policies. Moe (1989) discusses the idea that bureaucratic rules are deliberately designed to be burdensome, so as to limit the ability of agents
or other parties to subvert the intentions of policymakers. Powell (2014) considers a model
of organizational decision-making where communication channels between manager and
boss may be deliberately blocked to reduce rent-seeking incentives by the manager. In
these models, bureaucracy stymies the ability of agents to take undesirable actions;6 our
model offers the alternate perspective that policy complexity affects (and perhaps slows)
the future evolution of policy, and thus offers novel insights about policy dynamics.

2

Model

Policy The policy p is a set of infinitesimal rules. Each rule’s ideological direction is either
positive (+) or negative (−). The policy is summarized as a 2-tuple p = (𝑝+ , 𝑝− ), where
𝑝𝑗 ≥ 0 is the mass of 𝑗-type rules for each direction 𝑗 ∈ {+, −}. The policy’s position is the
difference between the masses of positive versus negative rules,
𝑝 = 𝑝 + − 𝑝− ;
and the policy’s complexity is its total mass,
‖p‖ = 𝑝+ + 𝑝− .
We call a policy pure if |𝑝| = ‖p‖, so that it only contains one type of rule.
In the model, policy evolves in continuous time, 𝑡 ≥ 0. So we write, for example,
p(𝑡) = (𝑝+ (𝑡), 𝑝− (𝑡)); but we will often conveniently suppress the time-dependence of
policy variables. We take the initial policy p(0) as given, and assume that it has finite
complexity: 0 ≤ ‖p(0)‖ < ∞.
Players and Preferences There are two parties, +1 and −1, generically identified as 𝑖. The
instantaneous payoff of party 𝑖 ∈ {+1, −1} is a function of policy position and complexity:
𝑢𝑖 (p) = −𝑧𝑖 |𝑝𝑖∗ − 𝑝| − ‖p‖
5
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Other papers in this literature include Bernheim, Rangel, and Rayo (2006) and Messner and Polborn
(2012), and Levy and Razin (2013).
6
See, also, Milgrom and Roberts (1988).
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where 𝑝𝑖∗ ∈ ℝ is his positional pole, and 𝑧𝑖 > 1 is his ideological zeal. That is, parties prefer
policy positions that are closer to their pole, and dislike complex policies. We assume
∗
∗
conveniently that 𝑝+1
> 0 and 𝑝−1
< 0, and that 𝑧+1 > 1, 𝑧−1 > 1.7
Some descriptive terminology: parties with small (large) |𝑝𝑖∗ | are called moderates (extremists). Parties with low 𝑧𝑖 (close to one) are temperate, and parties with high 𝑧𝑖 are
zealous. A policy with position 𝑝 = 𝑝𝑖∗ is 𝑖-polar.
Each party 𝑖 maximizes his discounted payoff,
∞

max 𝔼 [∫ 𝑢𝑖 (p(𝑡)) 𝑒−𝑟𝑖 𝑡 𝑑𝑡] .
0

Most of this paper considers myopic parties: 𝑟+1 , 𝑟−1 → ∞. Two features of myopic behavior are convenient. First, strategic interactions vanish: the myopic party 𝑖 is unconcerned
about what his opponent −𝑖 does after 𝑖 loses control. Second, only the neighbourhood
of the current policy p(𝑡) is relevant, because only nearby policies can be attained in the
near future. In particular, as 𝑟𝑖 → ∞, party 𝑖’s problem reduces to maximizing the rate of
change of his payoff,
𝑑 𝑢 (p(𝑡))} .
max { 𝑑𝑡
𝑖

(2)

Policymaking Technology At any time 𝑡, one party 𝑖(𝑡) ∈ {+1, −1} is in control. Control
transitions from 𝑖 to −𝑖 are random and arrive at rate 𝜆𝑖 > 0. Without loss of generality,
party +1 starts the game in control: 𝑖(0) = +1. We interpret 𝜆𝑖 as 𝑖’s political vulnerability.
At each time 𝑡, party 𝑖(𝑡) chooses non-negative addition rates 𝛼+ (𝑡), 𝛼− (𝑡) and removal
rates 𝛿+ (𝑡), 𝛿− (𝑡) which move (𝑝+ , 𝑝− ):
𝑑 𝑝 (𝑡)
𝑑𝑡 𝑗

= 𝛼𝑗 (𝑡) − 𝛿𝑗 (𝑡) for each 𝑗 ∈ {+, −},

(3a)

subject to a flow constraint, where 𝛾−1 parametrizes the degree of legislative impedance:
𝛼+ (𝑡) + 𝛼− (𝑡) + 𝛿+ (𝑡) + 𝛿− (𝑡) ≤ 𝛾,
𝛿𝑗 (𝑡) = 0 if 𝑝𝑗 (𝑡) = 0 for 𝑗 ∈ {+, −},

(3b)

and an entanglement constraint on the direction of rule removal:
𝛿+ (𝑡) 𝑝+ (𝑡)
=
.
𝛿− (𝑡) 𝑝− (𝑡)

(3c)

Entanglement The entanglement constraint (3𝑐) captures the dependencies between rules
in reduced form. The premise is that parties cannot surgically target specific policy elements/rules for removal: a party who seeks to delete rule 𝜋 has to delete other rules that
are entangled with 𝜋. The specific form of (3𝑐) is a tractable representation of severe entanglement: the removed rules must always be a representative random sample of the policy
as a whole.
In Appendix A, we explicitly model two types of network structures representing dependencies between rules, and show that both models generate our entanglement constraint:
7

The assumption 𝑧𝑖 > 1 ensures that parties have sufficiently strong preferences over ideological position,
and thus face a nontrivial tradeoff between adding and removing rules.
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1. Appendix A.1 considers a linear network. Rules are totally ordered along a line. A
party who seeks to remove a rule 𝜋 first has to remove all the rules above 𝜋 in the
ordering. If the number of rules is large and rules are uniformly distributed along
the line, then this model produces (3𝑐) as a limiting outcome.
2. Appendix A.2 considers a random network where any two rules are connected with
some small probability. Dependencies are captured by the network structure: when
a policymaker targets a rule 𝜋 for deletion, he also has to delete all of 𝜋’s neighbours.
As the degree of entanglement increases, so that each rule has many neighbours, (3𝑐)
arises at the infinite-entanglement limit. We also show that our results continue to
hold even in the finite-entanglement case.

3
3.1

The Dynamics of Policy
Preliminaries

We start with two observations. First, our specification of the entanglement constraint is
quite tight: given (total) deletion rate
𝛿(𝑡) = 𝛿+ (𝑡) + 𝛿− (𝑡),
each of 𝛿+ (𝑡) and 𝛿− (𝑡) are fully determined from (3𝑐). Consequently, we may use 𝛿(𝑡) to
summarize the 2-tuple of deletion rates (𝛿+ (𝑡), 𝛿− (𝑡)).

𝑑 ‖p‖, 𝑑 𝑝) under addition and removal.
Figure 1: ( 𝑑𝑡
𝑑𝑡

Second, it is instructive to rewrite the law of motion (3a) in terms of complexity ‖p‖
and position 𝑝.
𝑑 ‖p(𝑡)‖
𝑑𝑡
𝑑 𝑝(𝑡)
𝑑𝑡

= 𝛼+ (𝑡) + 𝛼− (𝑡) − 𝛿(𝑡),
= 𝛼+ (𝑡) − 𝛼− (𝑡) − 𝛿(𝑡)

𝑝(𝑡)
.
‖p(𝑡)‖

(4)

These equations are illustrated in Figure 1. Complexity ‖p‖ increases when adding rules
in either direction, and decreases when removing rules. Position 𝑝 increases (decreases)
when adding positive rules (negative rules). The effect of removal on position 𝑝 is a bit
7

more subtle. Geometrically, removal moves p towards the empty policy (0, 0). So, for
example, removing rules from a policy with 𝑝 = 0 would leave 𝑝 unchanged, because
positive and negative rules would be removed at equal rates.

3.2

Myopic Dynamics

The rest of Section 3 considers myopic parties, who maximize their objective (2) subject to
the flow and entanglement constraints: (3b) and (3c).
We start by characterizing each parties’ optimal choices, given policy p. This sets the
stage for Section 3.3 to discuss long-run outcomes. Figure 2 depicts party +1’s optimal
strategy as a function of complexity ‖p‖ and position 𝑝.8

Figure 2: Party +1’s optimal strategy.
− sgn (𝑝𝑖∗ ) sgn (𝑝 − 𝑝𝑖∗ )
Proposition 1. Given player 𝑖 and position 𝑝, let 𝑗 = {
sgn 𝑖
1. If 𝑝 ≠ 𝑝𝑖∗ and most rules in p are 𝑗-rules,

𝑝𝑗
‖p‖

∶ 𝑝 ≠ 𝑝𝑖∗
.
∶ 𝑝 = 𝑝𝑖∗

> 𝑧1𝑖 , then party 𝑖 adds 𝑗-rules: 𝛼𝑗 = 𝛾.

𝑝

|𝑝|
‖p‖
2. If 𝑝 = 𝑝𝑖∗ and ‖p‖𝑗 > 𝑧1𝑖 , then party 𝑖 reduces complexity: (𝛼𝑗 , 𝛼−𝑗 , 𝛿) = 𝛾⋅( ‖p‖+|𝑝|
, 0, ‖p‖+|𝑝|
),

so
3. If

𝑑 ‖p(𝑡)‖ = −𝛾 ‖p‖−𝑝
𝑑𝑡
‖p‖+𝑝
𝑝𝑗
‖p‖

and

𝑑 𝑝(𝑡)
𝑑𝑡

= 0.

< 𝑧1𝑖 , then party 𝑖 removes rules: 𝛿 = 𝛾.

Consider a policy p that is not 𝑖-polar, 𝑝 ≠ 𝑝𝑖∗ . To fix ideas, focus on party 𝑖 = +1 and
∗
, i.e., p lies below party +1’s pole. Here, party +1 has two conflicting
suppose that 𝑝 < 𝑝+1
goals: to increase position 𝑝 towards his pole, and to reduce complexity. He thus faces
a tradeoff between adding positive rules and deleting rules.9 Deletion reduces complexity. But, relative to addition, deletion may involve removal of positive rules from p, which
∗
. Thus, party +1 optimally
slows 𝑝’s movement towards – or even moves 𝑝 away from – 𝑝+1
8

The focus on party +1 is without loss of generality; by symmetry, party +1’s and party −1’s optimal
strategies are identical, up to a reversal of directions + and −.
9
Adding rules in the negative direction is never optimal for player +1: doing so would increase complexity,
∗
and move position away from 𝑝+1
.
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removes rules only if p contains few positive rules. The dark (gray) shaded region in Figure 2 is the set of policies where +1 optimally removes rules. This region shrinks as 𝑧+1
increases: a zealous party prioritizes positional gains over complexity reduction, and thus
prefers 𝑗-addition over removal.
Now, consider policies where 𝑝 = 𝑝𝑖∗ . Here, party 𝑖 has achieved his polar position, and
thus seeks to reduce complexity as quickly as possible while shifting position as slowly as
possible. Thus, he optimally removes rules if he is not too zealous and if removal does not
move policy away from his pole too quickly. Otherwise, he instead chooses an appropriate combination of addition and removal to maintain position at his pole while reducing
complexity.10

3.3

Path Dependence and Kludge

We now make two points about long-run policy outcomes. First, policy complexity is pathdependent: the starting point of policy strongly influences the long-run distribution of
complexity. Second, there is a tight long-run relationship between complexity and the
distribution of policy positions.
The following terminology hints at the outcomes we will be analyzing. We say that
policy becomes kludged if lim𝑡→∞ ‖p(𝑡)‖ = ∞. We will focus on two statistics for the
long-run distribution of complexity: the probability 𝜅 that policy becomes kludged, and a
binary indicator 𝐾 for the possibility of kludge,
𝜅 = Pr [ lim ‖p(𝑡)‖ = ∞]

and

𝑡→∞

0∶
𝐾={
1∶

𝜅=0
.
𝜅>0

As a preliminary, observe that any starting policy eventually becomes regular, i.e., po∗
∗
sitioned at or between the parties’ poles: 𝑝 ∈ [𝑝−1
, 𝑝+1
]. This is unsurprising. If policy
position lies outside the poles, then both parties’ preferences are roughly aligned: to move
∗
∗
policy back towards [𝑝−1
, 𝑝+1
]. Only for regular policies does positional conflict arise between the parties’ preferences.
Lemma 1.
∗
∗
, 𝑝+1
1. Suppose p(𝑡) is regular, i.e., 𝑝 ∈ [𝑝−1
]. Then p(𝜏) is regular for all 𝜏 ≥ 𝑡.

2. Suppose p(𝑡) is not regular. Then policy becomes regular at some 𝜏 > 𝑡, and remains
regular thereafter.
Lemma 1 permits us to restrict attention to regular policies. We do so henceforth.
We first highlight one aspect of path dependence: simple policies remain simple. Let
B be the set of regular policies at which at least one party chooses to remove rules (c.f.
Proposition 1):
𝑝+
B = {p ∶ ( ‖p‖
<

1
𝑧+1

or

𝑝−
‖p‖

<

1
𝑧−1 )

∗
∗
, 𝑝+1
and 𝑝 ∈ [𝑝−1
]}

Notice that policies in B are relatively pure, and thus have low complexity. It turns out that
B is the basin of attraction for the set of pure policies (see Figure 3). Thus we call B the
basin.
At the pure 𝑖-polar policy, where 𝑝sgn(𝑖) = 𝑝𝑖∗ , party 𝑖 cannot reduce complexity any further without
𝑑 𝑝 = 𝑑 ‖p‖ = 0.
moving away from his pole, and policy stagnates: 𝑑𝑡
𝑑𝑡
10
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Proposition 2. If p(𝑡) ∈ B, then
1. p(𝜏) ∈ B for all 𝜏 ≥ 𝑡.
2. Policy eventually becomes pure: a.s., |𝑝(𝜏)| = ‖p(𝜏)‖ for some 𝜏 ≥ 𝑡.
3. A pure policy remains pure forever.

Figure 3: Policy dynamics within the (shaded) basin.
Outside the basin B, how does policy complexity evolve? In particular, does policy
always move into the basin and remain pure forever? Or, conversely, does complexity
increase unboundedly?
Proposition 1 tells us that outside B, each party 𝑖 adds rules towards his pole, and focuses on reducing complexity when at his pole. This leads, in equilibrium, to the following
laws of motion for position and complexity. For regular p(𝑡) ∉ B, position 𝑝 moves towards (and stops at) 𝑝𝑖∗ while party 𝑖 is in control:
1∶
{
{
𝑑 𝑝(𝑡) = 𝛾 ⋅
{−1 ∶
𝑑𝑡
{
{0 ∶

∗
∗
𝑝(𝑡) ∈ [𝑝−1
, 𝑝+1
) and 𝑖(𝑡) = +1
∗
∗
𝑝(𝑡) ∈ (𝑝−1 , 𝑝+1 ] and 𝑖(𝑡) = −1 .
∗
𝑝(𝑡) = 𝑝𝑖(𝑡)

(5a)

Whereas, complexity ‖p‖ decreases when position is at either pole, and increases when
position is between poles;11 see Figure 4.
𝑑 ‖p(𝑡)‖
𝑑𝑡

1
= 𝛾 ⋅ { ‖p(𝑡)‖−|𝑝(𝑡)|
− ‖p(𝑡)‖+|𝑝(𝑡)|

∗
∗
∗
, 𝑝+1
∶ 𝑝(𝑡) ∈ (𝑝−1
) or 𝑝(𝑡) = 𝑝−𝑖(𝑡)
.
∗
∶ 𝑝(𝑡) = 𝑝𝑖(𝑡)

(5b)

∗
The exception to this rule is the case where party 𝑖 is in control and policy is at −𝑖’s pole: 𝑝 = 𝑝−𝑖
, in
𝑑
which case complexity increases ( 𝑑𝑡 ‖p‖ = 1). But this case may essentially be ignored, because policy spends
∗
zero time in this region of the state space: if party 𝑖 takes control at −𝑖’s pole 𝑝−𝑖
outside B, he adds 𝑗-rules
∗
and instantaneously moves policy away from 𝑝−𝑖 .
11

10

Figure 4: Increasing complexity outside the basin.
This short-run relationship between complexity and position, as expressed by (5b),
extends naturally into the long-run. To state the long-run result precisely, first note that
outside the basin B, the long-run behavior of position 𝑝 can be described in terms of its
steady-state distribution.
∗
∗
Lemma 2. Let 𝑞(𝑡) ∈ [𝑝−1
, 𝑝+1
] be the random process that obeys, for all 𝑡 ≥ 0, the law of
motion specified by (5a). Then the random process (𝑞(𝑡), 𝑖(𝑡)) is Markov and ergodic, and
thus has a unique invariant (steady-state) distribution.

Let 𝐹(⋅) be the steady-state marginal distribution of 𝑞(𝑡), as defined in Lemma 2. Define
𝜇=∫

∗
𝑝+1

∗
𝑝−1

1
𝑣(𝑞)𝑑𝐹(𝑞) where 𝑣(𝑞) ≡ {
−1

∗
∗
∶ 𝑝−1
< 𝑞 < 𝑝+1
∗
∗ .
∶ 𝑞 = 𝑝+1
or 𝑝−1

We may interpret 𝜇 as the long-run average drift of complexity ‖p‖ outside the basin B
(given the normalization 𝛾 = 1). Alternatively, and equivalently, −𝜇 represents the longrun average frequency of polar positions: it captures how much time 𝑝 spends at poles
instead of between poles.12 Our next result builds on this equivalence and points out that
kludge is possible if and only if polar positions are achieved infrequently, so that complexity
drifts upward in the long-run.
∗
∗
Proposition 3. Suppose p(0) ∉ B, and 𝑝(0) ∈ [𝑝−1
, 𝑝+1
], and min{𝑧+1 , 𝑧−1 } > 2.

1. If 𝜇 < 0, then 𝐾 = 0 and policy almost surely becomes pure.
2. If 𝜇 > 0, then 𝐾 = 1, and policy almost surely becomes either kludged or pure.
Proposition 3 is a limited result in some respects. It does not fully characterize the
probability 𝜅 that kludge occurs, and solves instead for the less-informative binary statistic
𝐾. This limitation arises because the policy process (p(𝑡), 𝑖(𝑡)) is non-ergodic (i.e., pathdependent), so that long-run distributional outcomes such as 𝜅 are difficult to directly
characterize.
In other respects, Proposition 3 is quite powerful. It links 𝐾 to the long-run properties
of the (modified) position process (𝑞(𝑡), 𝑖(𝑡)), which is ergodic and which permits a closedform solution for the long-run distribution – derived in Lemma B.2c in the Appendix. This
12

One might also be tempted to interpret −𝜇 more broadly as a measure of policy polarization, i.e., the
extent to which position deviates from the ‘average’ position. This interpretation is valid only if we hold
∗
∗
preferences – specifically, the distance 𝑝+1
− 𝑝−1
between poles – fixed. This caveat becomes relevant in
Section 3.4.
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enables a rich set of sharp comparative statics results about how 𝐾 changes with model
primitives, which we explore in Section 3.4.
Let’s return to our discussion of path dependence. Proposition 2 showed that simple
policies remain simple. If 𝜇 > 0, then the converse holds as well: complex policies tend
to grow more complex. This aphorism is illustrated crudely by Proposition 3, which shows
that any policy outside the basin B may become kludged. The following result is a cleaner
formulation of the same basic point. If the initial policy has low (high) complexity, then
the probability that policy eventually becomes kludged is low (high).
Proposition 4. Fix 𝑝(0) = 0. Suppose p(0) ∉ B and 𝜇 > 0, so that 𝐾 = 1.
Then 𝜅 → 0 as ‖p(0)‖ → 0, whereas 𝜅 → 1 as ‖p(0)‖ → ∞.

3.4

The Politics of Kludges

For convenient exposition, relabel some of the model’s primitives as follows. Define
volatility: 𝜆 = √𝜆+1 𝜆−1 ,
imbalance: 𝛬 = max { 𝜆𝜆+1 , 𝜆𝜆−1 } ,
−1

distance:

𝛥∗𝑝

=

∗
𝑝+1

−

+1

∗
𝑝−1
,

where 𝜆, the (geometric) average of control change arrival rates, captures the volatility of
political control; where 𝛥∗𝑝 , the difference between parties’ poles, captures the ideological
distance between parties; and where 𝛬 captures the degree of power imbalance between
parties. Further, label the following increasing function of 𝛬 as
1
{
{ log 3−𝛬−1
𝛬̃ = { √𝛬−√3−𝛬𝛬−1
{
{+∞

if 𝛬 = 1
if 1 < 𝛬 < 3 .
if 𝛬 ≥ 3

Propositions 5a and 5b encapsulate our comparative statics for complexity. We first
state the results, then discuss the intuition.
Proposition 5a. Assume generic parameter values: 𝛥∗𝑝 𝜆 ≠ 𝛾 𝛬.̃ Suppose that p(0) ∉ B and
is regular. Then 𝐾 = 1 if and only if
min {𝑧+1 , 𝑧−1 } > 2, and
𝛥∗𝑝 𝜆 > 𝛾 𝛬.̃

(6)

Otherwise, 𝐾 = 0 and policy almost always becomes pure.
Proposition 5b. Suppose 𝐾 = 1. Then 𝜅 is increasing in 𝑧+1 and 𝑧−1 .
Proposition 5a follows closely from Proposition 3. Indeed, (6) specifies conditions under which the long-run frequency of polar positions is low enough that (outside the basin
B) complexity 𝑝 drifts upward in the long-run, 𝜇 > 0. This equivalence helps us to understand the comparative statics specified by (6).
As imbalance 𝛬 in political power increases, polar positions are attained more frequently, so the complexity statistic 𝐾 decreases. The intuition is clearest when 𝜆𝜆+1 is small
−1
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and 𝛬 is large, so that party +1 has much more influence over policy than party −1 on
average. In that case, policy spends most of the time at +1’s pole than anywhere else. See
Figure 5.

Figure 5: Large power differential leads to less kludge.
As legislative impedance 𝛾−1 increases, polar positions are attained less frequently, and
𝐾 increases. The intuition is clearest when 𝛾−1 is low. In this case, each party 𝑖 can rapidly
change position while in power; he quickly reaches his pole and spends most of his time
there, reducing complexity. Conversely, when impedance is high, each party spends more
time moving (slowly) towards his pole.
As political volatility 𝜆 increases, polar positions are attained less frequently, and 𝐾
increases. With high volatility, each party spends little time in control. He is thus unlikely
to reach his pole, and spends little time on average there, before he loses control.13
As ideological distance 𝛥∗𝑝 increases, polar positions are attained less frequently, and 𝐾
increases. The intuition is clearest if 𝛥∗𝑝 is small. In that case: whenever either party 𝑖 takes
control, for any (regular) starting position, he quickly reaches his pole and stays there for
most of his time in control. Conversely, if 𝛥∗𝑝 is large, then each party starts off further
from his pole on average, and thus spends less time at his pole.
Proposition 5b states that as parties becomes more zealous, kludge becomes less likely.
The logic of this result differs from those of Proposition 5a: a change in zealousness has
no effect on the frequency of polar positions and thus no effect on the drift of complexity.
Instead, an increase in zealousness shrinks the basin B. Consequently, policy becomes less
likely to enter the basin and get trapped; rather, policy is more likely to ‘escape’ and become
kludged.
A second set of comparative statics relate to policy polarization; that is, the long-run
extent to which policy deviates from a ‘neutral’ position. To measure polarization, let’s
∗
∗
, so that the midpoint 𝑝 = 0 between poles is neutral.
= −𝑝−1
adopt the normalization 𝑝+1
∗
Let 𝐻 be the steady-state marginal distribution of |𝑝(𝑡)| ∈ [0, 𝑝+1
] under the law of motion
(5a). In fact, 𝐻 is a natural long-run measure of polarization: recall that (almost surely)
policy eventually becomes either kludged or pure, and that 𝑝(𝑡) obeys the law of motion
(5a) in either case. Accordingly, we say that polarization increases if 𝐻(⋅) decreases in the
sense of first-order stochastic dominance.
∗
∗
. Then, polarization is:
= −𝑝−1
Proposition 6. Suppose 𝑝+1

(i) increasing in imbalance 𝛬,
In fact, as (6) hints at, an increase in volatility 𝛬 is isomorphic to an increase in impedance 𝛾−1 (and a
corresponding time dilation); both changes result in less policy change for each control interval.
13

13

(ii) constant in zealousness 𝑧+1 and 𝑧−1 .
Further fixing 𝛬 = 1 (political power is balanced), polarization is:
(iii) decreasing in impedance 𝛾−1 ,
(iv) decreasing in volatility 𝜆,
∗
(v) increasing in ideological distance 𝛥∗𝑝 = 2𝑝+1
.
Our comparative statics for complexity and our comparative statics for polarization are
closely related. To start, consider those primitives corresponding to technological aspects
of the political process (𝛬, 𝛾−1 , 𝜆). As recorded in Table 1, any change to one of these
primitives that decreases polarization also increases complexity. Because any such change
holds the ideological distance 𝛥∗𝑝 fixed, a decrease in polarization corresponds (informally
speaking) to an decrease in −𝜇, the fraction of time spent at polar positions relative to nonpolar positions – and thus in an increase in long-run complexity, as measured by 𝐾. That
is, under certain circumstances, polarization reduces complexity.
In terms of comparative statics, changes to political preferences (𝛥∗𝑝 , 𝑧+1 , 𝑧−1 ) differ
from changes to the political process. (∗) A decrease in ideological distance 𝛥∗𝑝 reduces
both polarization and complexity. This is because 𝛥∗𝑝 has opposite effects on −𝜇 and polarization. A decrease in 𝛥∗𝑝 , by reducing the time taken to travel between poles, ensures
that policy spends more time at than between poles, thus increasing −𝜇 and (consequently)
complexity. But a decrease in 𝛥∗𝑝 also forces policy to move within a narrower range of
positions, and thus mechanically decreases polarization. (∗) A decrease in zealousness
𝑧+1 , 𝑧−1 , while decreasing complexity (Proposition 5b), has no effect on polarization. After all, changes in zealousness preserve the law of motion (5a) and thus also the long-run
distribution of position 𝑝.

institutions

preferences

parameter

symbol

complexity

polarization

volatility

𝜆

↗

↘

−1

↗

↘

imbalance

𝛬

↘

↗

distance

𝛥∗𝑝

↗

↗

↗

→

impedance

𝛾

zealousness 𝑧+1 , 𝑧−1

Table 1: Comparative Statics for Long-Run Outcomes

Policy Implications Our comparative statics provide some prescriptions for the design
of political institutions. A patient planner who seeks to reduce long-run complexity should
remove legislative impediments to rulemaking such as supermajority rules and vetoes (i.e.,
increase 𝛾). She should reduce political volatility, perhaps by increasing the length of election cycles (i.e., reduce 𝜆). Perhaps controversially, rather than balancing power between
political parties, she should instead design political institutions that favour one party over
others (i.e., increase 𝛬); stated crudely, she should support autocracies over democracies.
However, our model suggests that such changes to the political process may not be costless,
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even in the long run: decreasing complexity in this fashion may come with an increase in
polarization.
On the other hand, a planner can avoid the complexity-polarization tradeoff by manipulating political preferences. We prefer to think of such preference manipulation in
terms of cultural change: by fostering a moderate political culture and curbing the extremist tendencies of political parties (reducing 𝛥∗𝑝 ), a polity may reduce both complexity
and polarization in policy.

4

Strategic Extremism

This section considers strategic behavior by non-myopic parties: 𝑟+1 , 𝑟−1 < ∞. We will
show that an ideologically zealous (high 𝑧) party may engage in strategic extremism: i.e.,
move towards extreme positions that lie beyond his pole.
We consider the limit where both parties are infinitely zealous, but nonetheless care infinitesimally about complexity. This simplification renders the problem particularly tractable
by reducing the associated two-dimensional optimal control problem (over ‖p‖ and 𝑝) to
a one-dimensional problem (over 𝑝). Start by introducing purely positional preferences:
𝑢𝑖 (p(𝑡)) = − |𝑝𝑖∗ − 𝑝(𝑡)|, so each party 𝑖 maximizes
∞

𝔼 [− ∫ |𝑝𝑖∗ − 𝑝(𝑡)| 𝑒−𝑟𝑖 𝑡 𝑑𝑡] .
0

Given such preferences, it is natural to consider strategies where each party 𝑖 has a favoured
position 𝑝𝑖∗∗ called his target, and moves towards it as quickly as possible:
∶ 𝑝(𝑡) < 𝑝𝑖∗∗
∶ 𝑝(𝑡) > 𝑝𝑖∗∗ .
∶ 𝑝(𝑡) = 𝑝𝑖∗∗

1
{
{
𝑑 𝑝(𝑡) = 𝛾 ⋅
−1
{
𝑑𝑡
{
{0

(7)

Note that (7) does not specify how complexity evolves, and thus does not uniquely define
a strategy. For example, if p(𝑡) consists purely of negative rules and 𝑝𝑖∗∗ > 0, then (7) may
be satisfied either by adding positive rules or by removing (negative) rules.
Let’s mechanically introduce an infinitesimal distaste for complexity. Suppose that each
𝑑 ‖p‖ = 𝛼 −𝛼 −𝛿 given the constraint (7). With this additional assumpparty minimizes 𝑑𝑡
+
−
tion, the strategy is uniquely defined. The strategy adds complexity everywhere – except at
pure policies with opposite sign to 𝑝𝑖∗∗ and at 𝑝𝑖∗∗ itself, where the strategy reduces complexity. That is,
− ‖p‖−𝑝
{
{ ‖p‖+𝑝
𝑑
‖p(𝑡)‖ = 𝛾 ⋅ {1
{
𝑑𝑡
{−1

∶ 𝑝 = 𝑝𝑖∗∗ and |𝑝| ≥ ‖p‖
∶ 𝑝 ≠ 𝑝𝑖∗∗ and |𝑝| > ‖p‖ .
∶ 𝑝 ≠ 𝑝𝑖∗∗ and |𝑝| = ‖p‖

We say that a strategy is focused on 𝑝𝑖∗∗ if it obeys constraints (7) and (8).
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(8)

Figure 6: Strict strategic extremism by party +1.
We say that party 𝑖 engages in strategic extremism if 𝑝𝑖∗∗ /𝑝𝑖∗ > 1; that is, if party 𝑖
targets a position that is more extreme than his pole. The opposite effect, where a party’s
target is more moderate than his pole, is never optimal.
Lemma 3. An equilibrium exists where each party 𝑖 plays a focused strategy. In any such
equilibrium, targets are weakly extreme: 𝑝𝑖∗∗ /𝑝𝑖∗ ≥ 1 for both parties, 𝑖 ∈ {+1, −1}.
To understand the logic of strategic extremism, consider the tradeoff that party +1
∗
∗∗
∗
faces between targeting his pole position 𝑝+1
versus a more extreme position 𝑝+1
> 𝑝+1
.
Intuitively, an extreme target “shifts the goalposts” upwards. This initial upward shift puts
∗
in the short run. But, after −1 takes control and moves
policy further from his pole 𝑝+1
∗
∗
policy below 𝑝+1
, the initial shift becomes advantageous because policy is now closer to 𝑝+1
.
This advantage is maintained even after subsequent control changes, at least until policy
∗∗
∗
reaches the other target 𝑝−1
or moves back above 𝑝+1
. Strategic extremism is optimal if
the later benefits outweigh the earlier costs.
Because strategic extremism entails short-run costs and medium-run benefits, it arises
only if players are sufficiently patient. (Indeed, we already know from Section 3 that myopic
parties do not engage in strategic extremism.) The following proposition presents a version
∗∗
∗∗
of this intuition. Given targets 𝑝+1
and 𝑝−1
, define a binary indicator 𝜙 ∈ {0, 1} for strategic
∗∗
∗
∗∗
∗
extremism: 𝜙 = 1 iff 𝑝+1
> 𝑝+1
or 𝑝−1
< 𝑝−1
.
∗
∗
Proposition 7. Fix 𝑝+1
, 𝑝−1
, and 𝜆+1 ≠ 𝜆−1 , so that parties have unequal durations. There
exists 𝛾 < ∞ such that the following hold if impedance is high (𝛾−1 > 𝛾−1 ):
∗∗ ∗∗
1. There is a unique pair of equilibrium targets, (𝑝+1
, 𝑝−1 ).

2. 𝜙 is weakly decreasing in the parties’ discount rates 𝑟+1 and 𝑟−1 .
3. For sufficiently small discount rates, 𝜙 = 1.
∗
∗∗
We may also quantify the extent of strategic extremism, 𝛥∗∗
𝑖 = |𝑝𝑖 − 𝑝𝑖 |. To do so, we
have to make stronger assumptions and undertake tedious algebra. The next result focuses
on the case where the party engaging in strategic extremism is infinitely patient, and where
impedance 𝛾−1 and ideological distance 𝛥∗𝑝 are large.

Proposition 8. Suppose that 𝑟+1 = 0 and that 𝜆+1 > 𝜆−1 . Then the extent of strategic extremism by party +1 is, asymptotically for large 𝛾−1 and 𝛥∗𝑝 ,
∗∗
∗
𝛥∗∗
𝑖 = (𝑝+1 − 𝑝−1 ) −

−1
∗
∗
𝛾
+ 𝑂 (𝑒−𝛾 (𝜆+1 −𝜆−1 )(𝑝+1 −𝑝−1 ) ) .
𝜆+1 − 𝜆−1
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(9)

−1
∗
The expression (9) for 𝛥∗∗
𝑖 has three terms. The third term vanishes as 𝛾 and 𝛥𝑝 grow
large; this identifies the asymptotic limit where Proposition 8 becomes relevant. The first
∗
∗∗
term is the range 𝑝+1
− 𝑝−1
of positions where strategic extremism is beneficial; that is, if
∗
∗∗
𝑝 ∈ (𝑝+1 , 𝑝−1 ), then an upward shift in position benefits +1. It thus provides an intuitive
measure of the potential benefits from strategic extremism, and in fact serves as a rough
14
upper bound on 𝛥∗∗
𝑖 .
The second term encapsulates comparative statics. (∗) First, 𝛥∗∗
𝑖 is increasing in the
−1
degree of impedance 𝛾 . Heuristically speaking, suppose party +1 engages in strategic
extremism by pushing policy above his pole at some time 𝑡. Consider the persistence
of the resultant upward shift in policy position. This shift is maintained only until the
∗∗
∗
next time that policy stops at either 𝑝−1
or 𝑝+1
, at which time the positional advantage
due to the initial instance of strategic extremism vanishes. As 𝛾−1 increases, policy moves
more slowly, which extends the time period over which benefits accrue and thus increases
the marginal benefit from strategic extremism for patient players. (∗) Second, 𝛥∗∗
𝑖 is decreasing in 𝜆+1 − 𝜆−1 , the strategic extremist +1’s vulnerability relative to his opponent −1.
Intuitively, suppose +1 expects to be in control for a long time. If he engages in strate∗
∗∗
rather than 𝑝+1
is
gic extremism, then the initial disadvantage of holding position at 𝑝+1
maintained (and accrues) for a long time. Conversely, if −1 is expected to have control
∗
only briefly, then policy will return to 𝑝+1
relatively quickly, so the benefits of strategic
extremism accrue over a shorter period.

The main lesson of this section is that strategic extremism may be a source of kludge.
From a quick glance at Figure 6, the dynamics of complexity from the myopic setting of
Section 3 are preserved here, except with parties’ targets serving as “endogenous poles”:
complexity increases when policy lies between targets, and decreases when policy is at either target. As parties’ targets shift outwards, policy spends more time between than at
targets, so complexity drifts upward more rapidly (𝜇 increases). Consequently, a version
of Proposition 5a holds in this setting:
Proposition 9. In a focused equilibrium, suppose |𝑝| < ‖p‖. Then 𝐾 = 1 if
∗∗
̃
(𝛥∗𝑝 + 𝛥∗∗
+1 + 𝛥 −1 ) 𝜆 > 𝛾 𝛬.

(10)

∗∗
̃
Conversely, if (𝛥∗𝑝 + 𝛥∗∗
+1 + 𝛥 −1 ) 𝜆 < 𝛾𝛬, then 𝐾 = 0.

Equation (10) highlights that the complexity statistic 𝐾 increases with the extent of
strategic extremism. So, given that strategic extremism occurs only if players are sufficiently patient, kludge may occur with patient players despite being impossible under myopic players. From the perspective of a planner who dislikes complexity, patience is not
necessarily a virtue.
In our analysis of strategic extremism, we have focused on the case where parties are
infinitely zealous. More generally, the logic of Proposition 8 is robust: finitely zealous
parties engage in strategic extremism when facing zealous opponents.
14

∗
∗∗
We may glean some further insight from Equation (9). Notice that the first term 𝑝+1
− 𝑝−1
may be
∗
∗∗
∗∗
∗∗
rewritten as 𝛥𝑝 + 𝛥 −1 , so 𝛥 +1 is increasing in 𝛥 −1 . Indeed, parties’ strategic extremism choices are strategic
complements: as my opponent shifts his target outwards, my best response is to shift my target outwards as
well. We leave a more detailed exploration of this point to future work.
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Example 1 (Strategic extremism with 𝑧+1 < ∞). Figure 7 shows the optimal strategy of
party +1 who is patient and finitely zealous. To simplify the numerical computations, strong
assumptions are imposed on other parameters: +1 infinitely vulnerable, while −1 is infinitely
zealous and myopic. Party +1 exhibits strategic extremism: he adds positive rules beyond his
∗
pole 𝑝+1
until he hits the blue “target” curve on the diagram, then reduces complexity along
this curve.

Figure 7: Strategic extremism by +1
𝜁+1 = 10, 𝜆+1 → ∞, 𝑟+1 = 2
𝜁−1 → ∞, 𝑟−1 → ∞

5

Conclusion

We have studied a simple model of incremental policymaking. The analysis focuses on
the effect of political conflict between policymakers. Our key contribution is to highlight a
number of interesting phenomena that arise from strategic interactions in this setting: how
kludges emerge when zealots conflict, and distinct forms of obstructionary behavior. We
also discuss the effect of institutional factors such as frictions and political competition.
The analysis generates a taxonomy of the factors that tend to favor the emergence and
persistence of policy complexity.
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A The Entanglement Constraint
This section presents two distinct microfoundations for the entanglement constraint (3c).

A.1

Linear Network

Here, the policy is a set of rules endowed with a total order ≻. We say that 𝜋′ depends on 𝜋
if 𝜋 ≻ 𝜋′ . We start by describing the policymaking technology in a discrete setting where
each rule has small but positive mass 𝜖, and time proceeds in discrete intervals of length
𝜖/𝛾. (We will interpret 𝛾 later.) This discrete setting serves to build intuition for the role
of dependencies in our analysis. We subsequently focus on the limit 𝜖 → 0, where the
policymaking technology simplifies to a tractable continuous formulation. As before, 𝑝𝑗
denotes the mass of 𝑗-rules in p, and ‖p‖ = 𝑝+ + 𝑝− .
A new rule 𝜋 added at time 𝑡 is uniformly randomly allocated a position in the order ≻. That is, at the moment of addition, 𝜋 is equiprobably 𝑘-th in the ordering for all
𝑘 ∈ {1, 2, ..., |p(𝑡)|}, where |p(𝑡)| is the number of rules in p(𝑡) (including 𝜋). Ordering is
pairwise persistent: if 𝜋 ≻ 𝜋′ at time 𝑡, then 𝜋 ≻ 𝜋′ for all future times 𝜏 that 𝜋, 𝜋′ ∈ p(𝜏).
For simplicity of exposition, consider a single party who is always in control. At the start
of each interval, the policymaker may choose any of the following actions, which is then
realized at the end of the interval.
1. Add a new 𝑗-rule in either direction 𝑗 ∈ {+, −}.
2. Delete the ≻-maximal rule.
At time 𝑡, the party observes the direction of each rule in p(𝑡) and the history of all added
and removed rules up till time 𝑡, but does not observe the ordering between rules. So, if he
chooses “delete” at the start of a time interval, then he observes which rule was ≻-maximal
(and thus was deleted) only at the end of the interval.
In general, one might expect the party’s beliefs about the dependency ordering ≻ to
evolve in a complicated fashion. Conveniently, our technical assumptions allow us to abstract from the details of (beliefs about) the ordering.
Observation 1. At any time-𝑡 history, from the policymaker’s perspective, every permutation
of the dependency ordering over p(𝑡) is equally likely.
So, rules are indistinguishable beyond their direction: all positive rules look alike, and
all negative rules look alike. Consequently, the policymaker’s beliefs are summarized by
the masses (𝑝+ , 𝑝− ) of positive and negative rules.
Now, we calculate how 𝑝+ and 𝑝− change over a single time interval under addition
and removal. Let 𝛥𝑝𝑗 denote the change in 𝑝𝑗 over a single time interval.
If the party adds a 𝑗-rule, then (remembering that 𝛥𝑡 = 𝜖/𝛾)
𝛥𝑝𝑗 = 𝛾 𝛥𝑡 and 𝛥𝑝−𝑗 = 0.
If the party removes the ≻-maximal rule, it is equally likely to be any of the existing rules
in p(𝑡). So, removal preserves (in expectation) the ratio of positive to negative rules in the
policy:
𝑝𝑗
𝛥𝑡 for each 𝑗 ∈ {+, −}.
𝔼 [𝛥𝑝𝑗 ] = −𝛾
‖p‖
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More generally, if party mixes over positive rule addition, negative rule addition, removal,
and doing nothing, then he can achieve (in expectation) any convex combination of addition and removal outcomes:
𝔼 [𝛥𝑝𝑗 ] = (𝛼𝑗 −

𝑝𝑗
‖p‖

𝛿) 𝛥𝑡 for each 𝑗 ∈ {+, −},

(11a)

for any
𝛼+ ≥ 0, 𝛼− ≥ 0, 𝛿 ≥ 0 such that
𝛼+ + 𝛼− + 𝛿 ≤ 𝛾.

(11b)

Now, focus on the limit 𝜖 → 0, so that each rule becomes infinitesimally small and
time is continuous. Here, the laws of motion (11a)–(11b) can be expressed in differential
form. The party chooses addition and removal rates 𝛼+ (𝑡) ≥ 0, 𝛼− (𝑡) ≥ 0, 𝛿(𝑡) ≥ 0 which
determine the velocity of (𝑝+ , 𝑝− ):
𝑑 𝑝 (𝑡)
𝑑𝑡 𝑗

= 𝛼𝑗 (𝑡) −

𝑝𝑗 (𝑡)
‖p(𝑡)‖

𝛿(𝑡) for each 𝑗 ∈ {+, −},

(12a)

subject to a flow constraint
𝛼+ (𝑡) + 𝛼− (𝑡) + 𝛿(𝑡) ≤ 𝛾.

(12b)

Together, Equations (12a) and (12b) are equivalent to the law of motion (3a) and entanglement constraint (3c).

A.2

Random Network

We start with an informal description of the model.
A policy is a continuum of infinitesimal rules. We adopt the convenient expositional
convention that each rule has (infinitesimal) mass 𝜖. Rules are linked to form an undirected
network. Whenever a new rule 𝜋 is created, it randomly forms a link to each existing rule
with (infinitesimal) probability 𝜌𝜖. So, each new rule 𝜋 forms 𝜌 links (in expectation) per
unit mass of existing rules. Once formed, links between rule-pairs persist until one or both
rules are removed.
As in Appendix A.1, consider a single party who is always in control. The party can add
rules in either direction, but cannot precisely target a given rule for removal. Specifically,
if the party targets a rule 𝜋 to be removed, the direct neighbours of 𝜋 will also be simultaneously removed. As before, the maximum rate of addition and removal (of all rules,
including the neighbours of rules targeted for removal) is mass 𝛾 per unit time.
When formalizing this description, we distinguish between rules added at different
times when describing the policy. Say that a rule has vintage-𝜏 if it was added at time 𝜏.
Define 𝑚𝑗 (𝑡, 𝜏) to be the “quantity” of vintage-𝜏 𝑗-rules that remain at time 𝑡 ≥ 𝜏. Specify
the law of motion of 𝑚𝑗 (𝑡, 𝜏) to be
𝑡

𝑝𝑗 (𝑡, 𝜏) = 𝛼𝑗 (𝜏) − ∫ 𝛿𝑗 (𝑡,̃ 𝜏)𝑑𝑡,̃
𝜏
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(13)

where 𝛼𝑗 (𝜏) is the time-𝜏 addition rate for 𝑗-rules and 𝛿𝑗 (𝑡,̃ 𝜏) is the time-𝑡 ̃ removal rate
for 𝑗-rules of vintage 𝜏. That is, the time-𝑡 quantity of vintage-𝜏 rules equals the time-𝜏
addition rate, less the total quantity of vintage-𝜏 rules removed up till time 𝑡.
Let 𝛿+̂ (𝑡, 𝜏) and 𝛿−̂ (𝑡, 𝜏) be the time-𝑡 rate at which the party targets vintage-𝜏 rules for
̃ which represents the
deletion. Let the network structure be characterized by 𝜌(𝑗, 𝜏, 𝑗,̃ 𝜏),
̃
density of connections between 𝑗-rules of vintage-𝜏 and 𝑗-rules of vintage-𝜏.̃ To capture
the idea that immediate neighbours of deleted rules must also be removed, we specify that
the vintage-𝜏 removal rate accounts both for directly targeted rules, and for neighbours of
targeted rules from other vintages:
𝑡

𝛿𝑗 (𝑡, 𝜏) = 𝛿𝑗̂ (𝑡, 𝜏) + 𝑝𝑗 (𝑡, 𝜏) ∑ ∫ 𝜌(𝑗, 𝜏, 𝑗,̃ 𝜏)̃ 𝛿𝑗̂ (𝑡,
̃ 𝜏)̃ 𝑑𝜏.̃
𝑗̃

0

Define the mass of 𝑗-rules at time 𝑡 to be the total quantity of rules, integrated over all
𝑡
vintages: 𝑚𝑗 (𝑡) = ∫0 𝑚𝑗 (𝑡, 𝜏)𝑑𝜏. Applying (13), we get
𝑡

𝑡

𝑡

0

0

0

𝑚𝑗 (𝑡) = ∫ 𝛼𝑗 (𝜏) 𝑑𝜏 − ∫ 𝛿𝑗 (𝑡)̃ 𝑑𝑡,̃ where 𝛿𝑗 (𝑡) = ∫ 𝛿𝑗 (𝑡, 𝜏)𝑑𝜏.
In differential form, this replicates (3a) from Section 2:
𝑑 𝑝 (𝑡)
𝑑𝑡 𝑗

= 𝛼𝑗 (𝑡) − 𝛿𝑗 (𝑡).

Naturally, we interpret 𝛿𝑗 (𝑡) to be the rate at which 𝑗-rules are being removed.
We specify that at each time 𝑡, the party chooses addition rates 𝛼+ (𝑡) and 𝛼− (𝑡), and
vintage-specific deletion rates 𝛿+̂ (𝑡, 𝜏) and 𝛿−̂ (𝑡, 𝜏), subject to the familiar flow constraint
(3b) on the overall rate of addition and removal:
𝛼+ (𝑡) + 𝛼− (𝑡) + 𝛿+ (𝑡) + 𝛿− (𝑡) ≤ 𝛾.

(14)

Our key simplifying assumption is that the density of links across vintages and directions of rules is completely homogenous: 𝜌(𝜏, 𝜏,̃ 𝑗, 𝑗)̃ ≡ 𝜌 > 0. In that case, some algebra
reveals that the removal rate is
𝑡

𝛿𝑗 (𝑡) = 𝛿𝑗̂ (𝑡) + 𝜌 𝑚𝑗 (𝑡) (𝛿+̂ (𝑡) + 𝛿−̂ (𝑡)) , where 𝛿𝑗̂ (𝑡) = ∫ 𝛿𝑗̂ (𝑡, 𝜏)𝑑𝜏.

(15)

0

Thus, the deletion rates 𝛿+ (𝑡) and 𝛿− (𝑡) are determined entirely by the targeted deletion
rates 𝛿+̂ (𝑡) and 𝛿−̂ (𝑡). In other words, it does not matter which rules to target; the only
relevant decision is how many rules to delete.
Further, inspection of (15) indicates that the party can, by appropriately choosing deletion rates 𝛿+̂ (𝑡) and 𝛿−̂ (𝑡), achieve any combination of removal rates 𝛿+ (𝑡) and 𝛿− (𝑡) satisfying
1 + 𝜌𝑝+ (𝑡) 𝜌𝑝+ (𝑡)
𝛿+ (𝑡)
∈[
,
].
𝛿− (𝑡)
𝜌𝑝− (𝑡) 1 + 𝜌𝑝− (𝑡)
Accordingly, we may restate the laws of motion as follows.
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(16)

At each time 𝑡, the party chooses addition rates 𝛼+ (𝑡) and 𝛼− (𝑡) and removal
rates 𝛿+ (𝑡) and 𝛿− (𝑡), subject to the flow constraint (14) and the entanglement
constraint (16).
Notice that the entanglement constraint (16) is a relaxed version of Equation (3c) from
Section 2. At the limit 𝜌 → ∞, where the network density becomes large, (16) tightens
into (3c).
Our results from Section 3 continue to hold in this setting. As before, suppose that both
parties are myopic. Define the basin B, as before, to be the set of regular policies where at
least one party removes rules. Here :
B = {p ∶ (

B

𝜌𝑝+
𝜌𝑝−
1
1
∗
∗
<
or
>
, 𝑝+1
]}
) and 𝑝 ∈ [𝑝−1
1 + 𝜌‖p‖ 𝑧+1
1 + 𝜌‖p‖ 𝑧−1

Proofs

Notation Denote the convex closure of a set 𝑋 as Conv(𝑋). Denote the sequence of
times at which control changes hands from party 𝑖 to party −𝑖 as 𝑡1𝑖 , 𝑡2𝑖 , .... Throughout, we
assume WLOG that party +1 has control at 𝑡 = 0; so, 0 < 𝑡1+1 < 𝑡1−1 < 𝑡2+1 < 𝑡2−1 ...; notice that
the sequence of transition times {𝑡1+1 , 𝑡1−1 , 𝑡2+1 , 𝑡2−1 ...} fully determines the equilibrium path
−1
(p(𝑡), 𝑖(𝑡)). Define 𝛥𝑡𝑘+1 ≡ 𝑡𝑘+1 − 𝑡𝑘−1
and 𝛥𝑡𝑘−1 ≡ 𝑡𝑘−1 − 𝑡𝑘+1 to be the sequences of durations
for which each party was in control.
Proof of Proposition 1 Focus on party +1; the calculation for party −1 is similar. Start
∗
∗
with the case 𝑝 ∈ [𝑝−1
, 𝑝+1
). There, party +1’s problem is to maximize the (linear) objective
𝜕
𝑑𝑝−
𝑢 (p(𝑡)) = 𝑧+1 𝑑𝑡
𝜕𝑡 +1

𝑑 ‖p‖
𝑑𝑡

𝑑 𝑝, 𝑑 ‖p‖)-space to a triangle
subject to the constraint (2), which corresponds in ( 𝑑𝑡
𝑑𝑡

Conv({𝑣+ , 𝑣− , 𝑣𝛿 }) with vertices
𝑣+ = 𝛾 ⋅ (1, 1), 𝑣− = 𝛾 ⋅ (−1, 1), 𝑣𝛿 = 𝛾 ⋅ (𝑝/‖p‖, −1).
A linear objective over a simplex is, of course, maximized at one of the vertices of the
simplex. Some algebra reveals that vertex 𝑣+ is optimal (maximizes the objective) when
𝑝+
< 𝑧1+1 ; otherwise, vertex 𝑣− is optimal.
‖p‖
∗
is slightly more involved. Here, the objective is no longer linear in
The case 𝑝 = 𝑝+1
𝑑
𝑑
( 𝑑𝑡 𝑝, 𝑑𝑡 ‖p‖); specifically,
𝜕
𝑑 𝑝| −
𝑢+1 (p(𝑡)) = 𝑧+1 | 𝑑𝑡
𝜕𝑡

𝑑 ‖p‖.
𝑑𝑡

𝑑 ‖p‖ ≤ 0 and on
Notice, however, that this objective is linear on each of the half-planes 𝑑𝑡
𝑑 ‖p‖ ≥ 0. The intersection of each half-plane with the triangle Conv({𝑣 , 𝑣 , 𝑣 }) defines
+ − 𝛿
𝑑𝑡
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𝑑 𝑝, 𝑑 ‖p‖)-space over which the objective function is linear:
two simplices in ( 𝑑𝑡
𝑑𝑡

𝜕
𝑑 𝑝 − 𝑑 ‖p‖ over Conv({𝑣 , 𝑣 , 𝑣 }) and
𝑢 (p(𝑡)) = −𝑧+1 𝑑𝑡
+ 𝑚+ 𝑚−
𝑑𝑡
𝜕𝑡 +1
𝜕
𝑑 𝑝 − 𝑑 ‖p‖ over Conv({𝑣 , 𝑣 , 𝑣 , 𝑣 }) where
𝑢 (p(𝑡)) = 𝑧+1 𝑑𝑡
− 𝛿 0− 0+
𝑑𝑡
𝜕𝑡 +1
‖p‖−|𝑝|
𝑣0− = 𝛾 ⋅ (0, − ‖p‖+|𝑝|
) and 𝑣0+ = 𝛾 ⋅ (0, 1).
Consequently, the objective function is maximized on one of the vertices of the two sim𝑝+
plices. Some further algebra reveals that vertex 𝑣𝛿 is optimal if ‖p‖
< 𝑧1+1 ; otherwise, vertex
𝑣0− is optimal.
∗
𝑑 𝑝 = 𝑑 ‖p‖ = 0, and thus
One final point: when 𝑝 = ‖p‖ = 𝑝+1
, vertex 𝑣0− results in 𝑑𝑡
𝑑𝑡
is equivalent to stagnation: 𝛼𝑗 = 𝛼−𝑗 = 𝛿 = 0.
■
Proof of Lemma 1 Lemma 1.1 follows immediately from Proposition 1, so we only prove
∗
Lemma 1.2 here. WLOG, consider the case where 𝑝 > 𝑝+1
. Similarly to the proof of
Proposition 1, we may characterize each parties optimal strategy.
𝑝−
<
• If ‖p‖

𝛾⋅
• If

1
𝑧+1 , then party +1 removes rules, thus moving towards his pole:
𝑑 𝑝 = − ‖p‖−𝑝 .
(0, 0, 1), so 𝑑𝑡
‖p‖+𝑝

𝑝−
‖p‖

>

1
𝑧+1 ,

(𝛼+ , 𝛼− , 𝛿) =

then party +1 adds negative rules: (𝛼+ , 𝛼− , 𝛿) = 𝛾 ⋅ (0, 1, 0), so

• −1 always adds negative rules: (𝛼+ , 𝛼− , 𝛿) = 𝛾 ⋅ (0, 1, 0), so

𝑑𝑝
𝑑𝑡

𝑑𝑝
𝑑𝑡

= −1.

= −1.

𝑑 𝑝 ≤ − ‖p‖−𝑝 . In fact,
The take-away point is that policy position always shifts negatively: 𝑑𝑡
‖p‖+𝑝
∗
𝑑 𝑝(𝑡) ≤
we may show by induction that ‖p(𝑡)‖ ≤ ‖p(0)‖ + 𝑝(0) − 𝑝+1
; consequently, 𝑑𝑡
∗
∗
+1 −𝑝(0) = − ‖p(0)‖−𝑝+1 for all 𝑡 ≥ 0. We conclude that policy reaches the +1− ‖p(0)‖+𝑝(0)−𝑝
‖p(0)‖+𝑝(0)
‖p(0)‖+𝑝(0)
∗
polar, 𝑝 = 𝑝+1
, in finite time.
■

Proof of Proposition 2 Proposition 2.3 follows directly from Proposition 1: consider a
perfectly simple policy consisting purely of 𝑗-rules, 𝑚−𝑗 = 0, and let 𝑗 = sgn 𝑖. Then party
𝑖 adds 𝑗-rules, whereas party −𝑖 removes 𝑗-rules. In either case, policy remains perfectly
simple.
Next, consider Proposition 2.1. Given 𝑗 = sgn 𝑖, let B𝑖 be the set of policies at which
party 𝑖 removes rules,
B𝑖 = {p ∶

𝑝𝑗
‖p‖

<

1
∗
∗
, 𝑝+1
and 𝑝 ∈ [𝑝−1
]} ;
𝑧𝑖

note that B = B+1 ∪ B−1 . Consider, WLOG, B+1 . Assume for now that 𝑧1+1 + 𝑧1−1 < 1. Here,
B+1 and B−1 do not intersect, except at the empty policy p = (0, 0). Consequently, policy
dynamics within B+1 , other than at the empty policy, take the following form:
∗
, then party −1 adds negative rules, so
• If 𝑝 > 𝑝−1
𝑑 𝑝+ (𝑡) = −𝑝+ ≤ 0.
Calculations reveal 𝑑𝑡
‖p(𝑡)‖
‖p‖2
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𝑑𝑝
𝑑𝑡 +

= 0,

𝑑𝑝
𝑑𝑡 −

= 1,

𝑑 ‖p‖
𝑑𝑡

= 1.

∗
• If 𝑝 = 𝑝−1
< 0, then party −1 reduces complexity, so

immediately see that

𝑑 𝑝+ (𝑡)
𝑑𝑡 ‖p(𝑡)‖

=

1 𝑑
2 𝑑𝑡

• Party +1 always removes rules, so
1 𝑑 ( 𝑝(𝑡)
2 𝑑𝑡 ‖p(𝑡)‖

𝑝(𝑡)
( ‖p(𝑡)‖
𝑑𝑝
𝑑𝑡

𝑑𝑝
𝑑𝑡

= 0,

𝑑 ‖p‖
𝑑𝑡

< 0. We

+ 1) < 0.

= −𝑝/‖p‖,

𝑑 ‖p‖
𝑑𝑡

= −1. Clearly,

𝑑 𝑝+ (𝑡)
𝑑𝑡 ‖p(𝑡)‖

=

+ 1) = 0.

𝑝+ (𝑡)
In all cases (except the empty policy), ‖p(𝑡)‖
is weakly decreasing; so policy remains within
B+1 .
Now, relax the assumption that 𝑧1+1 + 𝑧1−1 < 1. Policy dynamics remain the same as
above, except that at the intersection of B+1 and B−1 , party −1 removes rules (instead of
𝑑 𝑝+ (𝑡) = 0. Clearly, this does not change
adding rules or reducing complexity), so that 𝑑𝑡
‖p(𝑡)‖
our conclusion, as policy remains within B+1 .
Our argument so far for Proposition 2.1 has neglected the empty policy; but this case
is covered by Proposition 2.1. Both parties add rules at the empty policy, so policy remains
simple (𝑝/‖p‖ = 1) and thus remains in B.
Finally, consider Proposition 2.2. Note that the complexity of any policy in B is bounded
above by some 𝑐. Note, also, that if policy is initially in B𝑖 , then it always remains within
B𝑖 unless policy becomes perfectly simple. Because the time periods between changes
of control are i.i.d. and exponentially distributed, almost surely, the following event will
eventually occur: (i) party 𝑖 is in control at time 𝑡, (ii) policy p(𝑡) is in B, and (iii) 𝑖 retains
control for a period of at least 𝑐. But because party 𝑖 removes rules from policy until he
loses control, at time 𝑡 + ‖p(𝑡)‖, he reaches the empty policy (which is simple).
■

Lemma B.1. If 𝑧+1 ≤ 2 or 𝑧−1 ≤ 2, then policy (almost surely) eventually enters B.
Proof of Lemma B.1 Consider the case where 𝑧+1 = 2. We will generalize to the case
where 𝑧+1 < 2 later. The focus on 𝑧+1 is WLOG. Given 𝑧+1 = 2, B+1 takes the form
∗
{p ∶ 0 ≥ 𝑝 ≥ 𝑝−1
}. As a result, policy avoids the simple basin only if position remains
∗
forever within the interval 0 < 𝑝 ≤ 𝑝+1
.
Outside the simple basin, party −1 adds negative rules. If −1 is ever in control for a
∗
contiguous period of longer than 𝑝+1
/𝛾, then he will decrease policy position by at least
∗
𝑝+1
, and thus move policy into the simple basin. Such an event occurs with probability
−1 ∗
𝑒−𝜆−1 𝑝+1 /𝛾 > 0 each time that −1 regains control. Since −1 regains control an infinite number
of times almost surely, it follows that policy will almost surely enter the simple basin.
For the case 𝑧+1 < 2, notice that B+1 expands as 𝑧+1 decreases; so the argument above
continues to hold. ■
To prove Proposition 3, let’s introduce some tools.
Lemma B.2a. There exists 𝜏 > 0 and 𝜉 > 0 such that for all (𝑞(0), 𝑖(0)),
∗
, +1)] ≥ 𝜈.
Pr [(𝑞(𝜏), 𝑖(𝜏)) = (𝑝+1
∗
∗
)/𝛾 + 𝜖 for some 𝜖 > 0. Consider a history such that for some
− 𝑝−1
Proof. Choose 𝜏 = (𝑝+1
∗
, +1). Further, the
𝑡0 < 𝜖, 𝑖(𝑡) = +1 for all 𝑡 ∈ [𝑡0 , 𝜏]. Then, obviously, (𝑞(𝜏), 𝑖(𝜏)) = (𝑝+1
−𝜆−1 𝜖
−𝜆+1 𝜏
■
probability of such a history is at least 𝜉 = 𝑒
).
(1 − 𝑒
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Lemma B.2a ensures that, in the language of ergodic theory, the entire state space
∗
∗
, 𝑝+1
[𝑝−1
]×{+1, −1} is small with respect to the process (𝑞(𝑡), 𝑖(𝑡)). The next result then follows immediately from standard results in ergodic theory – see, for example, Bhattacharya
and Majumdar (2003, Corollary 3.3).
Lemma B.2b. The process (𝑞(𝑡), 𝑖(𝑡)) has a unique invariant distribution (which thus is ergodic).
Lemma B.2c. The unique invariant (steady-state) distribution 𝐺 of the process (𝑞(𝑡), 𝑖(𝑡)) on
∗
∗
[𝑝−1
, 𝑝+1
] × {+1, −1} has density
𝑔(𝑞, +1) ≡ 𝑔(𝑞, −1) ≡ 𝐴𝑒

𝜆+1 −𝜆−1
𝑞
𝛾

(17a)

∗
∗
for 𝑝−1
≤ 𝑞 ≤ 𝑝+1
, where 𝐴 is a normalizing constant, and has atoms
∗
𝛥𝐺 (𝑝+1
, +1) =

𝛾
𝛾
∗
∗
∗
𝑔(𝑝+1
, +1) and 𝛥𝐺 (𝑝−1
, −1) =
𝑔(𝑝−1
, −1)
𝜆+1
𝜆−1

(17b)

∗
∗
at the each party’s pole, (𝑝−1
, −1) and (𝑝+1
, +1).

Proof. The steady-state distribution of (𝑞, 𝑖) is invariant to the law of motion (5a) of 𝑞(𝑡)
∗
and of 𝑖(𝑡). For 𝑞 < 𝑝+1
, over a small time interval 𝛥𝑡, the net change in the probability
mass of [𝑞, 𝑞 + 𝛥𝑞] × {+1} must be zero; that is,
[𝛾 𝑔(𝑞, +1) 𝛥𝑡 − 𝛾 𝑔(𝑞 + 𝛥𝑝, +1) 𝛥𝑡] + [𝜆−1 𝑔(𝑞, −1) 𝛥𝑞 𝛥𝑡 − 𝜆+1 𝑔(𝑞, +1) 𝛥𝑞 𝛥𝑡] ≈ 0.
Taking the limit 𝛥𝑞, 𝛥𝑡 → 0, we get
𝛾𝑔𝑞 (𝑞, +1) = 𝜆−1 𝑔(𝑞, −1) − 𝜆+1 𝑔(𝑞, +1) and

(18)

𝛾𝑔𝑞 (𝑞, −1) = 𝜆−1 𝑔(𝑞, −1) − 𝜆+1 𝑔(𝑞, +1)

(19)

∗
∗
for 𝑞 ∈ [𝑝−1
, 𝑝+1
], where (19) holds by a symmetric argument. Solving the differential
equations (19) and (18) simultaneously reveals that

𝑔(𝑞, +1) ≡ 𝑔(𝑞, −1) ≡ 𝐴𝑒

𝜆−1 −𝜆+1
𝑞
𝛾

for some constant 𝐴.
∗
∗
Notice that we have implicitly assumed that there are no atoms on [𝑝−1
, 𝑝+1
) × {+1} or
∗
∗
(symmetrically) on (𝑝−1
, 𝑝+1
] × {−1}. This holds because, if (𝑞, +1) were an atom, then the
law of motion (5a) dictates (impossibly) that (𝑞′ , +1) would also be an atom for all 𝑞′ in
some right-neighbourhood of 𝑞.
∗
∗
, −1). Over a small
, +1) and 𝛥𝐺 (𝑝−1
Finally, consider the (potential) atoms 𝛥𝐺 (𝑝+1
time interval 𝛥𝑡, the net change in the probability mass of each atom must be zero; that is,
∗
∗
, +1)𝛥𝑡 ≈ 0,
, +1) 𝛥𝑡 − 𝛾𝑔(𝑝+1
𝜆+1 𝛥𝐺 (𝑝+1
∗
∗
𝜆−1 𝛥𝐺 (𝑝−1 , −1) 𝛥𝑡 − 𝛾𝑔(𝑝+1 , +1)𝛥𝑡 ≈ 0

or, more compactly,
∗
, +1) =
𝛥𝐺 (𝑝+1

𝛾
𝛾
∗
∗
∗
, −1) =
, +1) and 𝛥𝐺 (𝑝−1
, −1).
𝑔(𝑝+1
𝑔(𝑝−1
𝜆+1
𝜆−1
■
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Define a class of simulacra 𝑐𝜀 (𝑡) of the ‘true’ complexity process ‖p(𝑡)‖, each of which
is coupled to the position simulacrum 𝑞(𝑡): for 𝜀 ≥ 0,
𝑑 𝑐 (𝑡)
𝑑𝑡 𝜀

≡ 𝑣𝜀 (𝑞(𝑡))

where
−(1 − 𝜀)
𝑣𝜀 (𝑞) ≡ 𝛾 ⋅ {
1

∗
∗
∶ 𝑞 ∈ {𝑝−1
, 𝑝+1
}
∗
∗ .
∶ 𝑞 ∈ (𝑝−1 , 𝑝+1 )

The parameter 𝜀 captures how quickly the complexity simulacrum 𝑐 decreases whenever
the position simulacrum 𝑞 is at either pole. Conveniently, denote 𝑐(𝑡) ≡ 𝑐0 (𝑡). Notice that
at the extreme 𝜀 = 0, 𝑣0 (𝑞) ≡ 𝑣(𝑞): the complexity simulacrum behaves as true complexity
does at the limit ‖p‖ → ∞.
Lemma B.3a. Consider the simulacrum process with 𝜀 = 0. Suppose min{𝑧+1 , 𝑧−1 } > 2,
which ensures that B is finite in extent. Select sufficiently large 𝑐 so that B ⊂ {p ∶ ‖p‖ < 𝑐}.
Fix a start time 𝑡0 ≥ 0, and suppose initial conditions are identical for the true and simulacrum process, as follows: ‖p(𝑡0 )‖ ≡ 𝑐(𝑡0 ) and 𝑝(𝑡0 ) = 𝑞(𝑡0 ) > 𝑝. Consider any history up
to time 𝑇 ≤ ∞ such that 𝑐(𝑡) ≥ 𝑐 for all 𝑡 ∈ [𝑡0 , 𝑇). Then 𝑞(𝑡) = 𝑝(𝑡) and 𝑐(𝑡) ≤ ‖p(𝑡)‖ for
all 𝑡 ∈ [𝑡0 , 𝑇).
Proof. This result requires only a straightforward inspection of the laws of motion of p
𝑑 𝑝(𝑡) = 𝑑 𝑞(𝑡) and 𝑑 ‖p(𝑡)‖ ≤ 𝑑 𝑐(𝑡), so 𝑝(𝑡) ≡ 𝑞(𝑡) and
(outside B) and 𝑐, 𝑞: we have that 𝑑𝑡
𝑑𝑡
𝑑𝑡
𝑑𝑡
‖p(𝑡)‖ ≤ 𝑐(𝑡).
■
Lemma B.3b. Suppose min{𝑧+1 , 𝑧−1 } > 2. Select sufficiently small 𝜀 and sufficiently large 𝑐
∗
∗
so that B ⊂ {p ∶ ‖p‖ < 𝑐} and so that 1 − 𝜀 < 𝑐−|𝑝|
for 𝑝 = 𝑝+1
and 𝑝 = 𝑝−1
. Fix a start time
𝑐+|𝑝|
𝑡0 ≥ 0, and suppose initial conditions are identical for the true and simulacrum process, as
follows: ‖p(𝑡0 )‖ ≡ 𝑐𝜀 (𝑡0 ) ≥ 𝑐 and 𝑝(𝑡0 ) = 𝑞(𝑡0 ). Suppose that at some time 𝑇 > 𝑡0 , 𝑐(𝑇) ≤ 𝑐.
Then at some time 𝜏 ∈ (𝑡0 , 𝑇], ‖p(𝜏)‖ = 𝑐 and 𝑝(𝜏) = 𝑝𝑖(𝜏) .
Proof. Suppose, towards a contradiction, that ‖p(𝑡)‖ > 𝑐 for all 𝑡 ∈ (𝑡0 , 𝑇]. Then through𝑑 𝑝(𝑡) = 𝑑 𝑞(𝑡) and 𝑑 ‖p(𝑡)‖ ≥ 𝑑 𝑐(𝑡), so 𝑝(𝑡) ≡ 𝑞(𝑡) and 𝑐(𝑡) ≥
out this time interval, 𝑑𝑡
𝑑𝑡
𝑑𝑡
𝑑𝑡
‖p(𝑡)‖ > 𝑐. This contradicts the assumption that 𝑐(𝑇) ≤ 𝑐. Finally, note that for ‖p‖ ≥ 𝑐,
‖p‖ decreases only while position is some pole 𝑝𝑖∗ and 𝑖 is in control; thus whenever com■
plexity ‖p‖ attains 𝑐 from above at some time 𝜏, we must have 𝑝(𝜏) = 𝑝𝑖(𝜏) .
Lemma B.3c. Suppose min{𝑧+1 , 𝑧−1 } > 2. Select sufficiently small 𝜀 and sufficiently large 𝑐
∗
∗
] and p ∉ 𝐵}.
, 𝑝+1
so that B ⊂ {p ∶ ‖p‖ < 𝑐}. Define B′ = {p ∶ ‖p‖ ≤ 𝑐 and 𝑝 ∈ [𝑝−1
′
′
If p(0) ∈ B , then p(𝑡) eventually leaves (and possibly returns to) B in finite time (a.s.).
Further, there exists 𝑣 > 0 so that if 𝑝(0) = 𝑝𝑖(0) , then with probability of at least 𝑣, p(𝑡) exits
B′ by entering the basin B.
∗

∗

−1 be the amount of time taken for policy to move from pole 𝑝∗ to 𝑝∗
Proof. Let 𝜏1 = 𝑝+1 −𝑝
𝑖
−𝑖
𝛾
if 𝑗-rules are added at the maximum rate 𝛾. Let 𝜏𝑖 < ∞ be the time taken for policy to move
from p = (𝑐, 𝑝𝑖∗ ) to reach B if parties reduce complexity along 𝑝𝑖∗ at the maximum rate,
∗
𝑑 ‖p‖ = − ‖p‖−|𝑝𝑖 | . Let 𝜏 = max{𝜏 , 𝜏 }. If party 𝑖 takes control at time 𝑡 with p(𝑡 ) ∈ B′
2
+1 −1
0
0
‖p‖+|𝑝∗
𝑑𝑡
𝑖

and retains control for duration 𝛥𝑡𝑖 > 𝜏1 + 𝜏2 , then policy must exit B′ in one of two ways
at some 𝑡 ∈ (𝑡0 , 𝑡0 + 𝛥𝑡𝑖 ), while 𝑖 is in control: either (i) policy complexity ‖p(𝑡)‖ exceeds 𝑐,
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or (ii) policy enters the basin, ‖p(𝑡)‖ ∈ B. In other words, p(𝑡) remains in B′ forever only
if for all control durations, 𝛥𝑡𝑘𝑖 ≤ 𝜏1 + 𝜏2 . But this almost never occurs; so, policy almost
surely leaves B′ .
Further, suppose 𝑝(0) = 𝑝𝑖(0) . If 𝑖(0) retains control for duration for at least 𝜏2 , then
he will reduce complexity along 𝑝𝑖(0) ; by definition of 𝜏2 , policy will thus enter the basin B
while 𝑖(0) is in control. This occurs with probability of at least 𝑣 = 𝑒− max{𝜆+1 ,𝜆−1 }𝜏2 > 0. ■
Let’s introduce some further notation. For each 𝑖 ∈ {+1, −1}, define {𝜏1𝑖 < 𝜏2𝑖 < ...}
to be the subsequence of {𝑡1𝑖 , 𝑡2𝑖 , ...} corresponding to the times where 𝑖 loses control to −𝑖
while the position simulacrum is at 𝑖’s pole (i.e., 𝑞 = 𝑝𝑖∗ ). For 𝑘 = 1, 2, .., define 𝛥𝑐𝑘𝑖,𝜀 ≡
𝑖
𝑐𝜀 (𝜏𝑘+1
) − 𝑐𝜀 (𝜏𝑘𝑖 ) to be the change in the complexity simulacrum between the 𝑘-th and
𝑖
(𝑘 + 1)-th times 𝑖 loses control while at his pole. Analogously, define 𝛥𝜏𝑘𝑖 ≡ 𝜏𝑘+1
− 𝜏𝑘𝑖 .
The sequences {𝛥𝑐1+1,𝜀 , 𝛥𝑐2+1,𝜀 , ...} and {𝛥𝑐1−1,𝜀 , 𝛥𝑐2−1,𝜀 , ...} have the following useful properties.
Lemma B.4a. For each 𝑖 ∈ {+1, −1}, the random variables 𝛥𝑐1𝑖,𝜀 , 𝛥𝑐2𝑖,𝜀 , ... are i.i.d..
Proof. Follows immediately from the fact that (𝑞(𝑡), 𝑖(𝑡)) is a Markov process and
depends only on 𝑞(𝑡).
Lemma B.4b. inf{𝑐(𝑡) ∶ 𝑡 ≥ 0} =

inf{𝑐(𝜏1+1 ), 𝑐(𝜏2+1 ), ...}

∪

𝑑 𝑐 (𝑡)
𝑑𝑡 𝜀

■

{𝑐(𝜏1−1 ), 𝑐(𝜏2−1 ), ...}

Proof. This follows immediately from the fact that the complexity simulacrum increases
between poles and decreases at poles; and that each 𝜏𝑘𝑖 corresponds to a time at which the
position simulacrum departs 𝑖’s pole. Consequently, {𝑐(𝜏1+1 ), 𝑐(𝜏2+1 ), ...} ∪ {𝑐(𝜏1−1 ), 𝑐(𝜏2−1 ), ...}
corresponds to the set of local minima of the complexity simulacrum process.
■
Lemma B.4c. For any 𝜖 ≥ 0, the following statements are equivalent:
1. 𝔼 [𝛥𝑐𝑘𝑖,𝜀 ] ⪌ 0.
2. 𝔼 [𝛥𝑐𝑘−𝑖,𝜀 ] ⪌ 0.
3. ∫ 𝑣𝜀 (𝑞)𝑑𝐹(𝑞) ⪌ 0.
Proof. We show that 1 ⟺ 3; the argument that 2 ⟺ 3 is identical. From Lemma
B.2b, (𝑞(𝑡), 𝑖(𝑡)) is ergodic, so Birkoff ’s ergodic theorem applies: a.s.,
𝑇
1
∫ 𝑣𝜀 (𝑞(𝑡))𝑑𝑡 = ∫ 𝑣𝜀 (𝑞)𝑑𝐹(𝑞).
𝑇→∞ 𝑇 − 𝑇0 𝑇0

lim

(20)

Now, write
𝑖
1 ∑+ 𝛥𝑐𝑖,𝜀
𝑖
𝜏𝑘+1
) − 𝑐𝜖 (𝜏1𝑖 )
𝑐𝜖 (𝜏𝑘+1
1
𝑗
𝑘 𝑗=1
lim
= lim 1 𝑘
.
∫ 𝑣𝜀 (𝑞(𝑡)) = lim
𝑖
𝑖
𝑖
𝑖
𝑖
𝑘→∞ 𝜏𝑖
𝑘→∞
𝑘→∞
−
𝜏
𝜏
−
𝜏
𝛥𝜏
∑
𝜏
1
1
1
𝑘+1
𝑘+1
𝑗
𝑘 𝑗=1

𝑖
= ∞ almost surely, so the LHS converges almost surely to ∫ 𝑣𝜀 (𝑞)𝑑𝐹(𝑞).
Note that lim𝑘→∞ 𝜏𝑘+1
And, the RHS converges almost surely to 𝔼 [𝛥𝑐𝑘𝑖,𝜀 ]/ 𝔼 [𝛥𝜏𝑘𝑖 ]. So,

∫ 𝑣𝜀 (𝑞)𝑑𝐹(𝑞) =

𝔼 [𝛥𝑐𝑘𝑖,𝜀 ]
𝔼 [𝛥𝜏𝑘𝑖 ]

.
■

The result follows.
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Lemma B.4d.
1. Suppose 𝔼 [𝛥𝑐1𝑖,𝜀 ] > 0. Then lim𝑘→∞ 𝑐(𝜏𝑘𝑖 ) = ∞ a.s.. Further, for any 𝑐 < 𝑐1𝑖,𝜀 ,
inf{𝑐(𝜏𝑘𝑖 )} ≥ 𝑐 with positive probability.
2. Suppose 𝔼 [𝛥𝑐1𝑖,𝜀 ] ≤ 0. Then inf𝑘 {𝑐(𝜏𝑘𝑖 )} = −∞ a.s..
Proof. This lemma is simply a restatement of classic results from large deviation theory.
The cases where 𝔼 [𝛥𝑐1𝑖,𝜀 ] ≷ 0 follow from the strong law of large numbers. The case where
𝔼 [𝛥𝑐1𝑖,𝜀 ] = 0 follows from the recurrence theorem.
■
Lemma B.5.
1. If ∫ 𝑣𝜀 (𝑞)𝑑𝐹(𝑞) > 0, then with positive probability, lim𝑡→∞ 𝑐𝜀 (𝑡) = ∞ and 𝑐𝜀 (𝑡) ≥ 𝑐𝜀 (0)
for all 𝑡 ≥ 0.
2. If ∫ 𝑣𝜀 (𝑞)𝑑𝐹(𝑞) < 0, then inf𝑡≥0 {𝑐𝜀 (𝑡)} = −∞ almost surely.
Proof. Follows immediately from Lemmas B.4b, B.4c, and B.4d.

■

Proof of Proposition 3
∫ 𝑣𝜀 (𝑞)𝑑𝐹(𝑞) > 0: The assumption min{𝑧+1 , 𝑧−1 } > 2 ensures that the basin B is finite in
extent: there exists 𝑐 < ∞ such that B ⊂ {p ∶ ‖p‖ < 𝑐}. A moment of reflection reveals
that if p(0) ∉ B, then the following event occurs with positive probability: at some time
𝑡0 , party +1 (WLOG) loses control to −1, and does so at a policy with +1-polar position
∗
𝑝(𝑡0 ) = 𝑝+1
and complexity ‖p(𝑡0 )‖ ≥ 𝑐. Conditioning on this event, fix 𝑐(𝑡0 ) = ‖p(𝑡0 )‖
and 𝑞(𝑡0 ) = 𝑝(𝑡0 ). From Lemma B.5, with positive probability, lim𝑡→∞ 𝑐(𝑡) = ∞ and
𝑐(𝑡) ≥ 𝑐𝜀 (0) for all 𝑡 ≥ 𝑡0 . Consequently, applying Lemma B.3a twice: (i) with positive
probability, 𝑐(𝑡) ≥ 𝑐(𝑡) for all 𝑡 ≥ 𝑡0 ; so, (ii) with positive probability, lim𝑡→∞ ‖p‖(𝑡) = ∞.
In other words, 𝜅 > 0.
∫ 𝑣𝜀 (𝑞)𝑑𝐹(𝑞) < 0: Select sufficiently small 𝜀 and sufficiently large 𝑐 so that B ⊂ {p ∶ ‖p‖ <
∗
∗
𝑐} and so that 1 − 𝜀 < 𝑐−|𝑝|
for 𝑝 = 𝑝+1
and 𝑝 = 𝑝−1
. Define B′ as in Lemma B.3c. We make
𝑐+|𝑝|
the following two observations.
1. Lemmas B.5 and B.3b imply that if policy is above the complexity bound 𝑐 at some
time 𝑡, ‖p(𝑡)‖ > 𝑐, then it almost surely enters B′ , and does so via one of the poles
𝑝𝑖∗ .
2. Lemma B.3c implies that whenever policy enters B′ via one of the poles 𝑝𝑖∗ , then it
almost surely exits B′ (either by entering the basin B or by exceeding the complexity
bound 𝑐), and (with probability of at least 𝑣 > 0, where 𝑣 is defined as in Lemma B.3c)
does so by entering the basin B.
Combining these two observations, we conclude that policy almost surely enters the basin
eventually, and thus that 𝜅 = 0. ■
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Proof of Proposition 5a From Proposition 3, the key object of interest is ∫ 𝑣 (𝑞, 𝑖) 𝑑𝐹(𝑞) (𝑞, 𝑖).
We can rewrite, via some manipulations,
∫ 𝑣 (𝑞, 𝑖) 𝑑𝐹(𝑞) (𝑞, 𝑖) = −

=

∗
, +1)
(𝛥𝐺 (𝑝+1

−𝛾 ( 𝜆1 𝑒

+

𝜆+1 −𝜆−1 ∗
𝑝−1
𝛾

𝜆+1 −𝜆−1 ∗
𝑝−1
𝛾

−1

1 𝑒
𝜆+1

+

−1

𝛾 ( 𝜆1 𝑒

∗
𝛥𝐺 (𝑝−1
, −1))

+

1 𝑒
𝜆+1

𝜆+1 −𝜆−1 ∗
𝑝+1
𝛾

𝜆+1 −𝜆−1 ∗
𝑝+1
𝛾

+∫

∗
𝑝+1

∗
𝑝−1

(𝑔(𝑞, +1) + 𝑔(𝑞, −1)) 𝑑𝑞

𝑝∗

) + ∫𝑝∗+1 (2𝑒
−1
∗
𝑝+1
∗
𝑝−1

)+∫

(2𝑒

𝜆+1 −𝜆−1
𝑞
𝛾

𝜆+1 −𝜆−1
𝑞
𝛾

) 𝑑𝑞
.

(21)

) 𝑑𝑞

The denominator of the last expression (21) is positive; we may rewrite the numerator as
∗
∗
𝛾
𝜆
𝜆
(𝑒(𝑝+1 −𝑝−1 )(𝜆−1 −𝜆+1 ) (3 − −1 ) − (3 − +1 ) , )
𝜆−1 − 𝜆+1
𝜆+1
𝜆−1

so (21) has the same sign as
∗
(𝑝+1

−

∗
𝑝−1
)

−

+1 /𝜆−1
log 3−𝜆
3−𝜆 /𝜆
−1

+1

𝜆−1 − 𝜆+1

−1

=

𝛥∗𝑝

log 3−𝛬
3−𝛬
−
.
𝜆 (√𝛬 − √𝛬−1 )

The result then follows from Proposition 3. ■
Proof of Proposition 6
(i) Let 𝐹 and 𝑓 be the marginal steady-state distribution and density of |𝑞|. Applying
∗
Lemma B.2c: for all 0 ≤ 𝑞 ≤ 𝑞′ < 𝑝+1
,
′

′
𝜆 𝛬−1/𝛬
𝛾 𝑞

′
−𝜆 𝛬−1/𝛬
𝛾 𝑞

𝛥𝐹(𝛥∗𝑝 )

𝑓(𝑞 ) 𝑒
+𝑒
=
and
=
𝛬−1/𝛬
𝛬−1/𝛬
𝜆
𝑞
𝑓(𝑞)
lim𝑞→𝛥∗𝑝 𝑓(𝑞)
𝑒 𝛾 + 𝑒−𝜆 𝛾 𝑞

𝛾
𝜆

(𝛬𝑒𝜆
𝛬𝑒

𝛬−1/𝛬 ′
𝛾 𝑞

𝜆 𝛬−1/𝛬
𝛾 𝑞

+ 𝛬1 𝑒−𝜆

+ 𝛬1 𝑒

𝛬−1/𝛬 ′
𝛾 𝑞

−𝜆 𝛬−1/𝛬
𝛾 𝑞

)

(22)

are both increasing in 𝛬. That is, 𝐹 satisfies the monotone-likelihood ratio property in 𝛬.
Thus, 𝐹 increases in the sense of first-order stochastic-dominance as 𝛬 increases.
(ii) This follows from the observation that the dynamics of 𝑞 are independent of 𝑧+1 , 𝑧−1 .
∗
∗
∗
(iii)–(v) If 𝑝−1
= −𝑝+1
and 𝛬 = 1, then (22) simplifies further: for all 0 ≤ 𝑞 ≤ 𝑞′ < 𝑝+1
,
∗
𝛥𝐹 (𝑝+1
)
𝑓(𝑞′ )
𝛾
= , so that
=1 and
∗ 𝑓(𝑞)
𝑓(𝑞)
lim𝑞→𝑝+1
𝜆

{ ∗𝑞 𝛾
𝐹(𝑞) = { 𝛥𝑝 + 𝜆
1
{

∶ 𝑝 < 𝛥∗𝑝
∶ 𝑝 = 𝛥∗𝑝

.

(23)
(24)

By inspection, 𝐹 increases in the sense of first-order stochastic-dominance as 𝛾 increases,
as 𝜆 decreases, and as 𝛥∗𝑝 increases. ■
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